An approximate one-electron functional for the classical Coulomb energy J [ρ] is presented. The analytical form of the terms appearing in the functional is justified by the scaling relations of the exact form of the classical Coulomb energy, and, the coefficients in front of each term are determined by a least-squares fit of the exact values for rare-gas atoms. It is shown that the approximation, tested on a set of neutral atoms (2 Z 54), can predicts energies with accuracy and leads to a potential The evaluation of the classical Coulomb energy of an electronic system of density ρ(r), represented by the two-electron functional
The evaluation of the classical Coulomb energy of an electronic system of density ρ(r), represented by the two-electron functional is computationally demanding for its evaluation (see, for example, Manby and Knowles [1] ), and therefore, development of accurate one-electron functionals for J [ρ] is of interest. In comparison with the exchangecorrelation and kinetic energies in density functional theory [2, 3] , a very small number of one-electron E-mail address: fabien.tran@chiphy.unige.ch (F. Tran).
functionals have so far been proposed as approximations to J [ρ] (or to the total electron-electron repulsion energy V ee [ρ] ). Several of these approximations have the local form [4] [5] [6] (3) A(N) ρ 4/3 (r) dr or the gradient corrected form [7, 8] where A(N) and B(N) are functions of the number of electrons N . Other forms have been proposed [9] [10] [11] [12] . The two following scaling relations are satisfied by the exact functional (Eq. (1)): (a) homogeneity with respect to density scaling
or equivalently,
and (b) homogeneity with respect to coordinate scaling
or equivalently [13] ,
where ρ λ (r) = λ 3 ρ(λr).
In this Letter a solution to Eqs. (6) and (8) is proposed:
where r = |r| is the distance from the nucleus and α, β, and γ are to be determined. It is straightforward to demonstrate that if we want Eq. (9) to satisfy Eqs. (6) and (8), β = 2/α and γ = 5/α − 3 for a given value for α. This leads us to consider a solution for J [ρ] of the form 
At the position of the nucleus (r = 0), the exact potential v J (r) has a finite positive value and this implies to have the term with p = 5/3 present, and for the other terms (if M 2), to have p ∈ ]0, 5/3] in order to avoid divergence. With these restrictions for the p i the condition lim r→∞ v J (r) = 0 is also satisfied.
The performance of the approximate functional J [ρ] (Eq. (10)) was studied using different values for M, whereas the values of the p i were chosen to be p i = 5/3 − (i − 1) /3 (several other choices for the p i were studied, but not leading to qualitative improvements). The coefficients c i , collected in Table 1, were obtained by least-squares fits of percentage differences between exact and approximate values of J [ρ] for five rare-gas atoms (He, Ne, Ar, Kr, and Xe) using Hartree-Fock densities [15, 16] . The approximate functionals were then tested on a set of 53 atomic (2 Z 54) densities [15, 16] (which were spherically symmetrized for this work). The results presented in Tables 2 and 3 show that the approxi- Several other approximate functionals taken from the literature were also tested, and the results are presented in Table 3 . The functional of Liu and Parr (LP) [11] , which has the same form as our functional with M = 1, but a different value for c (Liu and Parr obtained a fitted value of 1.0829 for the first 36 atoms (1 Z 36) using Hartree-Fock densities), has smaller values for the mean error∆ and the mean absolute error∆ abs than our functional (M = 1), but a larger maximum absolute error ∆ max of 5% (about 4% with our coefficient c = 1.0914). Choosing c = 1 for M = 1, as proposed by Gadre and Bendale (GB) [9] , leads to large errors. The functionals of Gadre et al. [5] (GBH1 and GBH2 have one and two parameters fitted using Hartree-Fock densities, 2 Z 54, respectively), which have the form of Eq. (3), lead to values larger than 1% for∆ abs and large maximum absolute error. The other approximate functionals (BP [8] and NLP [12] ) produce large values for∆,∆ abs , and ∆ max .
In Figs. 1, 2 , and 3 the approximate potential v J (r) given by Eq. (12) with M = 1, M = 2, and M = 4 is compared with the exact one (Eq. (2)) for He, Ar, and Xe atoms, respectively (a logarithmic scale as been adopted for the distance r from the nucleus). From these examples we can observe that the approximate potential, despite slight oscillations around the exact one, reproduces fairly well the exact one, and this, particularly in the regions beyond r = 0.1 a.u. In the very near vicinity of the nucleus the approximate potential can present deviations from the exact one, and we can see that for M = 4 the deviations are important. In summary, it is shown that the one-electron functional given by Eq. (10), proposed to approximate the classical Coulomb energy, can achieve good accuracy and has a functional derivative which shows a qualitatively good behavior. With a number of terms M of at least three a mean absolute error of the order of 0.1% is obtained. A disadvantage of the functional given by Eq. (10) is that it depends explicitly on the distance r from the nucleus (see for example Nagy et al. [12] and Liu and Parr [17] for kinetic-, exchange-, and correlation-energy functionals depending explicitly on r). This means that a generalization of Eq. (10) has to be found in order to make it applicable for polyatomic systems, but this is far from being a trivial problem.
